We explore how ambient-noise interferometry can serve to track variations in the distribution of scatterers within a medium. Experiments are conducted in the presence and absence of a single scatterer that can occupy different positions within the propagation medium. We calculate the similarity between the Green's functions obtained in these cases (i.e., with versus without the scatterer) as a measure of the temporal variations in the Green's function, which shows exponential decay with respect to time. We also develop a formula that relates this decay to the scattering strength of the scatterer. The formulae are experimentally validated using experiments in a strongly reverberating duralumin plate. This proposed method for finding the scattering strength of the scatterer is based on information carried by the coda of the multiple echo arrivals. We confirm the reliability of this approach through a conventional method for the measurement of the scattering strength that is based on direct arrivals.
I. INTRODUCTION
In complex media, waves are scattered or reflected many times before their extinction, producing random-like and time-dispersed wave-fields. However, the late parts of the echo arrivals remain strongly imprinted upon by the propagation medium. Long-range and infinite-range correlations [1] and back-scattering enhancement are several of the expressions of this property. With a complex medium that changes with time, the dynamics of the fluctuation patterns of the late arrivals are directly related to the medium dynamics. For instance, coda-wave interferometry [26] focuses on the coda evolution when a large-scale modification of a complex medium occurs, such as changes in velocity associated with changes in temperature. The coda is the part of the transient response (i.e., Green's function) that results from multiple scattering interferences. To locate a weak and local modification in a multiple-scattering medium, the LOCADIFF algorithm was proposed by [20] , which is based on diffusion theory [24] . LOCADIFF involves an inversion procedure that consists of the spatial sensitivity map of the wave-field with respect to local changes in the medium. Diffusive-wave spectroscopy [19] is another method based on analysis of light-intensity fluctuations when all of the scatterers are moving randomly. This idea was originally developed in the context of electromagnetic waves, but has since been applied to acoustics [9] , [8] . Contrary to diffusive-wave spectroscopy, which works in the frequency domain, diffusive acoustic-wave spectroscopy is based on temporal analysis of the late time fluctuations of the coda. More recently, the coda generated in a reverberant cavity when one or several scatterers are moving was analyzed [11] , [12] . This method, known as diffuse reverberant acoustic-wave spectroscopy (DRAWS), has been shown to be promising for finding scattering cross-sections [11] and the displacement magnitudes [7] of a discrete set of moving scatterers. The scattering cross-section is a property of a scatterer that quantifies its strength averaged over all of the incident angles.
All of these techniques, from coda-wave interferometry to DRAWS, are based on the measurement of the twopoint Green's functions between a set of sources and receivers, either in the frequency domain or in the time domain. However, when dealing with time-domain techniques, it might not be possible to have access to point-like and transient sources to directly measure the Green's function. Through the advent of noise interferometry, the Green's function between two points in a medium can be retrieved by cross-correlation of the noise recorded at these locations; i.e., without the need for an active source. The first, pioneering, validation of this theoretical result in the experimental domain was carried out by [27] , who propagated elastic waves through a block of aluminum, and explained their observations by the principle of equipartition of energy over different modes. Later, this method found applications in different domains, such as ocean acoustics (e.g., [21] ), seismology (e.g., [2, 5] ), and medical imaging (e.g., [23] ). A number of studies have shown that this method can be used to estimate the coda in a multiple-scattering medium or in a reverberant cavity ( [16] , [10] , [14] ). Following these studies, passive coda-wave interferometry was successfully applied in seismology, based on the analysis of coda estimated from noise correlations (e.g., [4] , [3] ). In reverberating media, several studies have shown that it is possible to passively localize a scatterer on a thin elastic plate from the analysis of the direct path recovered by noise correlation (e.g., [6] ). However, the sensitivity of the method is poor, and does not yet provide the cross-section of the scatterer.
The present study is based on the DRAWS approach, and we show that the scattering cross-section can be estimated in reverberant media without controlled sources. This study demonstrates the reliability of DRAWS based on passive retrieval of the Green's function for monitoring of the variations in the medium, with possible applications to acoustic or seismic waves. We carry out experiments on a thin duralumin plate and recover the Green's function through cross-correlation. In the first test, we repeat our experiment with and without a single scatterer. In the second test, we repeat the experiment before and after changing the position of the scatterer. In both cases, the decorrelation in the coda of these passively recovered Green's functions is tracked by computing the similarity coefficient between the Green's functions. We next develop a formalism that is similar to that proposed by [12] , and the scattering cross-section is estimated. The possibility to track the temporal fluctuations in a coda caused by the appearance of a scatterer, and not only by a change in its position, is an extension, first attempted here, of classical DRAWS. Moreover, DRAWS is applied to highly dispersive plate waves for the first time here.
The passive estimation of the scattering cross-section is also double checked: first by the use of active DRAWS, and then by classical estimation of the cross-section based on the measurement of the scattering phase function from direct plane-wave illumination. There is a close match between the passive measurements and the two active measurements. This paper is structured as follows: section II explains in detail the theoretical approach, and section III presents the experimental set-up that is used for the passive/ active scattering cross-section estimations. In section IV, the experimental results are presented and discussed, before the final conclusion in section V.
II. THEORETICAL ANALYSIS
In contrast to coda-wave interferometry, where nonlocal distributed variations in wave speed are of interest, in the present study, we focus on the effects of very sharp and localized heterogeneities, which we refer to as scatterers.
In this section, we discuss two slightly different cases for estimation of the scattering cross-section of a scatterer based on the coda of the source-to-receiver Green's function. As demonstrated by [12] , the basic assumption in this formalism is that the scattering mean free path (l s ) is much larger compared to the dimension of the cavity. First, we study the case where the Green's function of the medium in the presence of the scatterer is compared to that obtained in its absence. This will be referred to as case I in the following.
In a strongly reverberating medium, the time-domain Green's function (i.e., impulse response) between a source at x 1 and a receiver at x 2 (G(x 1 , x 2 , t)) can be described as:
where i is an integer index that indicates a certain source-receiver within a database. The subscript w/ serves to remind us that one scatterer is present somewhere in the medium. G 0i (x 1 , x 2 , t) is the impulse response in the absence of the scatterer, which is known to introduce an exponential decay with a decay time of τ [12] . s i (t) is a term due to the presence of the scatterer [12] .
In the second set of experiments, the scatterer is removed. For such a situation, the exponential decay due to the presence of the scatterer will disappear, and hence G w/o,i (x 1 , x 2 , t) can be written as:
where the subscript w/o indicates 'without scatterer'. We are interested in measuring the similarity between the Green's functions given by Equations (2.1) and (2.2). We repeat the measurements of G w/ and G w/o , and take their mean (<>) over all of the available source-receiver pairs, to find the time-dependent Pearson correlation coefficient (hereafter referred to as 'similarity'),
Substituting Equations (2.1) and (2.2) into Equation (2.3) and defining the residual terms as uncorrelated, it turns out that
In a diluted scattering medium where the density of scatterers is not high, the scattering mean free path (l s ) that is defined as the mean distance between two scatterers can be expressed as [24] :
where n is the density of scatterers and σ is the scattering cross-section of the scatterer. The scattering mean free path is one of the parameters that describes the propagation of waves in a multiple-scattering medium (e.g., [13] ).
In the present case, we deal with an unusual scattering regime, because as in the DRAWS technique, an important number of reverberations occur between two scattering events. Following that, the decay time is found by dividing Equation 2.5 by the wave speed c,
Equation (2.4) can be rewritten as:
As these experiments are performed on a duralumin plate, the energy propagates in the form of Lamb waves, which are highly dispersive; i.e., the wave speed changes with the frequency. In the low-frequency regime, the phase speed (V φ ) of the fundamental mode of antisymmetric Lamb waves at a given angular frequency (ω) and for a plate of thickness e, density ρ, and flexural rigidity D is given by [22] 
In the measurements here, we are interested in the velocity of the propagation of wave packets and not of a single phase. So, c in Equation (2.7) should be replaced by the group velocity (V g (ω)), which in the low-frequency regime is twice the phase speed given by Equation (2.8). Substituting for c leads to
where ω 0 is the mean angular frequency in the bandwidth of interest. For case II, the Green's functions are compared when the position of the scatterer has changed between successive acquisitions. To avoid repetition, we only describe here the differences with respect to case I. Here, as the scatterer is always present in the medium, the Green's function between the same source and receiver in the second experiment is
(2.10) Similar to case I, i indicates the source-receiver pair and the change in the position of the scatterer is indicated by the prime sign. Replacing G w/o,i (x 1 , x 2 , t) with G w/,i (x 1 , x 2 , t) in Equation (2.3), and following the same procedure as above, the similarity coefficient is written as:
Equations (2.9) and (2.11) suggest that the scattering cross-section can be determined based on experimental/ field observations of S. In other words, if a single or a set of unknown scatterers are added to the plate, the measures of the Green's function carried out before and after the introduction of the scatterers can recover the strength of the scatterers. This is also true where the Green's functions are measured following the displacement of the scatterer. In the following, we experimentally verify this theoretical analysis, and we confirm its validity through comparison with a conventional method.
III. EXPERIMENTAL VALIDATION
To validate the proposed formulae for cases I and II, acoustic experiments are carried out on plates. The experimental set-up is as shown in Fig. 1 , and consists of a quarter Sinai billiard [25] shaped duralumin plate of 75 × 75 × 0.3 cm. The plate is suspended using two thin vertical supports to provide free boundary conditions. There are five piezoelectric transducers attached to the plate surface. A pair of cylindrical magnets of 12 mm diameter and 5 mm height are attached to the plate at the exact same location on both sides of the plate. This pair of magnets acts as a single scatterer that is symmetrical with respect to the mid-plane of the plate, and redirects the propagating Lamb waves without mode conversion. To retrieve the Green's function between each pair of transducers, ambient-noise interferometry is used, which is valid provided that the propagating waves travel along all directions with equal probability. This condition is what is referred to as a 'diffuse wave-field' (see [15] , section 12.1; see also [2] , [5] for reviews of seismic applications of noise interferometry). In a reverberating or strongly scattering medium, whatever the source, the coda tends to be at least approximately diffuse after a sufficient number of reverberations and/or scattering events have occurred. In this set-up, the geometry of the plate is selected so as to eliminate any preferential direction of the propagation. This has been shown to result in the condition of diffusivity being more easily met [17] .
Pseudo-random noise is emitted by a loudspeaker (Ryght). The loudspeaker is moved erratically at 10 cm above the surface during the acquisition. At the same time, the propagating waves are recorded at all of the deployed transducers. The Green's function between each pair of transducers is determined by cross-correlation of the corresponding pair of long-duration recordings. The retrieved Green's function includes the direct and coda waves that propagate between the transducers, which coincides with the signal that one transducer would record if the other were an impulsive source. The Green's function obtained by this method will be referred to here as the 'passive' Green's function, as there is no active source involved. The advantage of using transducers attached to the plate is that they can be used both as sources and receivers. This allows the direct measurement of the Green's function between each pair of transducers. The Green's functions so obtained will be referred to here as 'direct' or 'active', because in this case each transducer has the role of an active source. We use the active Green's functions as reference to determine the reliability of the Green's functions obtained by cross-correlation. The source signal is a linearly varying frequency chirp between 1500 Hz and 90000 Hz. An example of the comparison between active and passive Green's functions is shown in Figure 2 in the frequency band of 5 kHz to 10 kHz. Fig. 2 shows a close match between these two Green's functions. Once the high-quality Green's functions are retrieved passively, we apply them to Equation 2.3 to find the similarity S(t), and then Equations 2.9 or 2.11 are implemented to determine the scattering cross-section. The corresponding procedure to find the scattering cross-section after the retrieval of the Green's function is explained in the following.
A. Reconstruction of scattering cross-section by interferometry when a scatterer appears in the propagation medium (case I)
Given a discrete set of five transducers, we deal with Green's function between 10 combinations of two receivers. Following the passive estimation of the Green's functions in the presence of the magnets, we next remove the magnets and repeat the same measurement. For each of 10 pairs of transducers, we calculate the similarity coefficient between the Green's function in the presence versus absence of the scatterer. We then take the mean of the similarity coefficients then repeated with active signals, to determine the scattering cross-section based on these actively recovered Green's functions. A comparison of the values of the scattering cross-sections based on the active and passive Green's functions in case I is shown in Figure 6 .
B. Reconstruction of the scattering cross-section by interferometry for displacement of a scatterer (case II)
As opposed to case I, where the variations in the Green's function were tracked in the presence and absence of the magnets, here the scatterer is always present in the medium and the similarity coefficient is calculated when the position of the scatterer (magnets) has changed from one acquisition to the other. We follow an experimental measurement approach similar to that described in the previous section for case I. The mean of the similarity coefficient over different pairs of transducers is calculated in the same way, over the different frequency bands. The exponential decay according to Equation 2.11 is then fitted, and finally, the scattering cross-section is obtained as a function of the frequency. The σ(ω) for the actively measured Green's functions are also measured (see Fig. 6 ). In the following subsection, the scattering cross-section of the magnet is measured with an entirely different approach that is based on the direct arrivals.
C. Reference measurement of the scattering cross-section For comparison, a conventional method is also used to measure the scattering cross-section of a cylindrical steel magnet. This method relies on the measurement of the scattering wave-field contribution associated to the direct waves. This experiment is carried out on a larger plate of dimensions 1.5 × 1.0 × 0.003 m (see Fig. 4 ). The use of the larger plate is to ensure an approximately plane incident wave. The source is a piezoelectric transducer that emits the same source signal as before. The magnets (i.e., the scatterer) are placed at the middle of the plate, on each side of it, and the velocity field is scanned with a laser interferometer for a circle of radius of R = 15 cm, where the center is the center of the magnet (see Fig. 5b for the recorded wave-field). Next, the magnets are removed and the same scanning procedure is carried out (Fig. 5a) . Subtracting the part of the recorded velocity field that contains function (f ) as a measure of the angular distribution of the scattering wave amplitude as a function of frequency, and is defined as the following in the frequency domain [24] :
where R is the radius of the circle of the scan and W inc is the incident wave-field. From f (θ, ω), we obtain the total scattering cross-section σ according to [24] :
The σ(ω) values obtained by this method for the scattering cross-section serve as the reference to evaluate the σ(ω) values previously extracted from the coda of the reverberated signals, as described above for cases I and II. In the following section, the results obtained with the different set-ups and methodologies are compared. Figure 6 shows the scattering cross-sections σ(ω) for all of the set-ups and methods here, versus the normalized parameter ka, where k is the wavenumber and a is the radius of the magnet. The values for both cases I and II, and for both the actively and passively retrieved Green's functions, are very close to each other. In general, the proposed formulae for cases I and II give slightly higher values for σ(ω). We explain this on the basis that these formulae result from an ensemble average, and that these experiments are limited to a relatively small number of receiver-receiver pairs (i.e., five receivers, providing 10 pairs). Also, the strong dispersion in the plate and the finite size of the plate result in the mixing of the direct and reverberated wavefronts. This complicates the separation of the direct waves in the reference measurement of the scattering cross-section. The dispersion is compensated for by applying a filter based on the source-receiver distance. However, this compensation does not work correctly for all frequency bands. Moreover, in the measurements based on the coda of the Green's functions, as for the group velocity, we substitute the group velocity of the central frequency in a bandwidth. These approximations give rise to a small bias between the different methods of measuring the scattering cross-section. Another observation is that the passive and active Green's functions do not provide similar values, with a small average bias of about 0.3 percent. We speculate that this is mostly because the cross-correlation of the diffuse wave-field has still not fully converged to the Green's function. This imperfect reconstruction of the Green's function might be due to the contribution of the fundamental symmetric mode of excited waves to the active recordings. When transducers act as receivers, they are mainly sensitive to the displacements of the antisymmetric mode. The ratio of the antisymmetric to symmetric excited modes decreases with the frequency, which leads to larger bias between the data obtained from the active and passive Green's functions at higher frequencies. Limitations such as using a loudspeaker as a noise source prevent the extension of these investigations to higher frequencies, at this stage.
IV. RESULTS AND DISCUSSION

V. CONCLUSION
We have studied here how the scattering cross-section in a reverberating and dispersive medium can be estimated by tracking the small changes in the late coda of the passively retrieved Green's function. From a seismology point of view, for instance, we are beginning to evaluate whether, and to what extent, ambient-noise cross-correlation can be used as a monitoring tool (e.g., for monitoring volcanoes, earthquakes, landslides). The scatterer is introduced in the medium so that the local elastic parameters such as Young's modulus, density and thickness are different from those of the background medium. Ambient signal cross-correlation (also known as noise interferometry) is effective even in the absence of active sources or earthquakes, and it only requires the deployment of a set of passive receivers. We analyzed the passively retrieved Green's functions for two different scenarios. In the first, the Green's functions obtained in the absence versus presence of a single scatterer were compared; in the second case, the Green's functions were compared before and after displacement of a single scatterer. These findings were validated by demonstrating that, in both cases, the values for the scattering cross-sections that are based on coda arrivals are similar to those obtained by a conventional method based on direct arrivals.
